Recently, Aichholzer introduced the remarkable concept of the so-called triangulation path (of a triangulation with respect to a segment), which has the potential of providing efficient counting of triangulations of a point set, and efficient representations of all such triangulations. Experiments support such evidence, although -apart from the basic uniqueness properties -little has been proved so far.
space, where denotes the number of points and¨is the number of triangulation paths. For the algorithm we introduce the notion of flips between such paths, and define a structure on all paths such that the reverse search approach can be applied. We also refute Aichholzer's conjecture that points in convex position maximize the number of such paths. 
Introduction
Throughout this paper we let E stand for a set of Triangulations are basic building blocks in a number of applications, e.g. for the finite-element method and for the representation of terrains. Depending on their purpose, some of the triangulations in¨H
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are considered (or, are in fact,) better than others. The constrained Delaunay triangulation is known to avoid small angles as much as possible and it can be constructed in
, [4] . A triangulation that minimizes the sum of edge lengths, a so-called min-weight triangulation, has so far refused an algorithm for efficient construction . It is a challenging open problem to decide whether this problem is NP-hard. Similarly, the complexity status of counting the number of triangulations of
is open, with the currently best known bound of
, [2] . See [3] for a survey of algorithms for constructing triangulations of various kinds.
In view of this situation, Aichholzer introduced the concept of a triangulation path as a tool that makes dynamic programming approaches feasible for counting triangulations and for constructing optimal triangulations according to decomposable optimality criteria (e.g. min-weight), hopefully significantly faster than the number of such triangulations. Experiments support such evidence [5] . In the rest of this section we provide a definition of this concept which slightly deviates from Aichholzer's in notation only, and we describe our results. 9 ), we consider now all -paths that can appear for triangulations. We denote by
Notation. For two points
the set of all plane paths
. Note that every such path ! can be extended to (possibly many) triangulations
, and for all these triangulations Lemma 2) . At this point it is maybe clear how the paths in T ¡ can be used to enumerate or count the triangulations in
in a recursive manner. We refer to Aichholzer's paper for details [1] .
Results. Our contribution is an algorithm for enumerating all triangulation paths in
-a crucial step in the efficient employment of -paths. The algorithm runs in time
working space. For the algorithm we introduce the notion of flips between such paths, and define a structure on all paths such that the reverse search approach can be applied, [2] . This result will be described in Section 2.
In Section 3 we refute Aichholzer's conjecture in [1] 
Flips on Paths and Reverse Search
We first recapitulate Lawson-flips in triangulations -an operation that allows simple, though not the most efficient algorithms for constructing (constrained) Delaunay triangulations. We will then derive a corresponding operation for triangulation paths which will lead us to the enumeration procedure.
Flips in triangulations. Consider a triangulation
Y of a points-in-polygon-pair We want to make this process more deterministic (obviously we may have many edges for Lawson-flips to choose from). To this end we agree on some total order , provided appropriate data-structures have been prepared, [2] . This enumeration method is called reverse search [2] , since successive application of , so it is independent from the remaining triangulation Y . This will be essential, when we want to turn around the process for reverse search. 
PROOF. (i) Let
in its relative interior, and it intersects no other edge of
is a quadrilateral whose interior is disjoint from , and (iv)
is plane in
. These are simply the necessary conditions for .
For
A we compute the CDT and read out its -path (for the latter, see [5] ), to check for a flip-pair we mainly need to test for segment intersections between " ¢ ¡ (T
¢ d U e
edges, see [1] ) and the few segments relevant for the definition; flip
is by the lemma simply an operation on the path sequence and has at most linear cost in U , thus all operations can be done in
Hence, we can enumerate
. In particular, within this time bound we can determine the first path in
, and given some
, we can determine its successor in the canonical order, or determine that it is the last element in this order.
The ingredients for reverse search are set, and we can conclude:
Theorem 5 Given a points-in-polygon pair

Point Sets with many Paths
Surprisingly, although in [1] Aichholzer conjectured that the maximum number of triangulation paths is attained for a configuration of points in convex position, our best counterexample to his conjecture (with the largest number of paths) is to be found in his own aforementioned paper. While convex position allows 
Open Problems
We have presented an algorithm that enumerates triangulation paths in time © H 0 F F R per path reported. We make no claim that this procedure is more efficient than the back-tracking approach from [1, 5] in practice. Still, our reverse search algorithm is the first method with a provable polynomial time bound per path. A run-time analysis for the back-tracking algorithm is still an open problem.
The 'ratio' between the number of paths and the number of triangulation is the critical parameter for the effectiveness of the path-based methods. Good upper bounds for the number of triangulation paths are still missing, but we have shown that points in convex position do not deliver the worst case examples. Such a bound should lie (ignoring polynomial factors) between our lower bound construction value of ¥ ') and the actually best upper bound for the number of triangulations of ¥ % ) [7] . The latter comes from an encoding method that both shows and exploits the fact that for a given triangulation at least one third of all points have degree at most 6. Can this be used for bounding the number of paths? Is it possible to have configurations where there is a huge number of paths all extending to few triangulations? One open question in this direction is whether on average, the configuration in Section 3 has an exponential number of triangulations per path.
